Math 4250 Minihomework: Constructing curves.

In this minihomework, we get to practice some of the calculus tricks that we used to solve the
tractrix problem and to try our hand at constructing some other curves.

1. (30 points) (Hyperbolic trig functions) We are used to the usual trigonometric functions sin(z)
and cos(z). We’re now going to introduce two new functions: sinh(x) and cosh(z):

e’ +e " ) e’ —e "
coshz = —5 sinhr = ———

(1) (5 points) Compute cosh 0 and sinh 0.




(2) (5 points) Compute % sinh x and % cosh x in terms of sinh = and cosh z.
Compare to % sin z and % cos .




(3) (5 points) Simplify cosh? z — sinh? z as much as possible. Show all work.




(4) (5 points) Use a computer to graph cosh z and sinh x for z € [0, 4].




(5) (5 points) Use a computer to plot the parametrized curves
a(t) = (cost,sint),t € [-10,10] 3(t) = (cosht,sinht),t € [~1.5,1.5]

Can you recognize these curves? Why are cosh ¢ and sinh ¢ called hyperbolic trigonomet-
ric functions?




(6) (5 points) For ordinary trigonometric functions, we have the double angle identity:
cos2x = cos’x — sin’x = 1 — 2sin®x = 2cos’z — 1.
Prove the corresponding double angle identity for hyperbolic trigonometric functions:
cosh 2z = cosh? z + sinh? x = 1 4 2sinh? x = 2 cosh?  — 1.

Proving the second and third equality is easier if you use the result of




2. (25 points) Suppose that f(z) is a function, and g(x) is its inverse function; that is, that

fg(x)) = =,

(1) (5 points) Differentiate both sides of the equation above with respect to z and solve for
¢'(z) to find a relationship between ¢’ and f.




(2) (5 points) Recall that the inverses of the trig (and, as it turns out, the hyperbolic trig)
functions are preceded by “arc’ﬂ This means that

sin(arcsinz) = x, cos(arccosx) = x,

We can compute the derivatives of the inverse trig functions by using the inverse func-
tion/chain rule trick from 2] For example:

d 1 !
g e = (sin’(arcsinz)  cos(arcsinz)’

At this point, we remember that cos?x +sin’x = 1, s0 cosz = /1 — sin® z and so we
can continue:

d , 1

— arcsinx =

dx /1 — sin?(arcsin )
d . 1

— arcsinx =

dz V1—22
Repeat the above derivation to figure out % arccos . What does the answer tell you about

the functions arccos x and arcsin z?

"Why? Well arcsin x is the angle 6 for which sin # = x. And if you measure 6 in radians, the angle 6 is the angle
covered by an arc of length 6 on the unit circle. So arcsin z literally means “the arc whose sine is z”.
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(3) (5 points) The hyperbolic trig functions also have inverses
sinh(arcsinhxz) =z and cosh(arccoshz) =z

Compute % arcsinh z and % arccosh x using a similar method to the above. Is there a
similar conclusion about the relationship between arcsinh and arccosh?
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(4) (5 points) Now integrate both sides of your answers in [23|to express these derivatives as
integral formulae. Hang on to these, as you’ll need them in a future homework!
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(5) (5 points) There is no explicit formula for arcsinx or arccos x. However, the inverse
hyperbolic trig functions can be expressed directly in terms of logarithms by

arcsinh z = In (:1: + vV + 1) , and arccoshz =1In (:1: + Va2 — 1> .

Prove both of these formulae, either by direct substitution in the definitions of sinh x and
cos h or by checking that the derivatives of each side of the equations above are equal
(and the two sides agree when x = 0).

12



