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The cohomology rings of real Stiefel manifolds
with integer coefficients

By

Martin CADEK! Mamoru MIMURA™* and Jiff VANZURA*

Abstract
The aim of this paper is the description of the integral cohomology
rings of the real Stiefel manifolds V,, x in terms of generators and rela-
tions. The computation is carried out by using the Gysin exact sequence
for the sphere bundle gn—k-1 _, k41 — Vik.

1. Introduction

Let n and k be integers, n > 2 and 1 < k < n—1. The real Stiefel manifold
Vii is the homogeneous space SO(n)/SO(n — k). Equivalently, it is the space
of all k-tuples of orthonormal vectors in R™. Its dimension is (1/2)k(2n—k—1).

The mod 2 cohomology of V,, , was computed completely by Borel in [1].
In the same paper he also described the additive structure of the cohomology
with integer coefficients. The multiplicative structure was well known for k = 1
and 2. The special case of SO(n) =V, ,,—1 was described by Pittie in [4] where
he used the Serre spectral sequence for the fibration T'— SO(n) — SO(n)/T
with maximal torus T in SO(n).

The aim of this note is to determine the ring structure of H*(V,, x;Z) in
terms of generators and relations. Our approach based on induction on k is
independent of the methods and results in [4]. At the final step of induction we
use mainly the Gysin exact sequence for the sphere bundle S"*~1 — V, ;.4 —
Vi k. Simultaneously, we find the explicit description of an additive basis of
H*(Vp 13 Z) as a graded group.

In the next section we repeat some basic facts about H*(V;, x; Z2), intro-
duce some notation and state our main results Theorems 2.3 and 2.9. Their
proofs are given in Section 3. In the last section we conclude the paper by
comparing Theorem 2.3 with Pittie’s result.
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2. Main result
In [1] Borel proved
Proposition 2.1.  The graded cohomology ring of the Stiefel manifolds

Vi i with Zs coefficients has a simple system of generators
Zn—k Zn—k+17 ceey Rn—1,
where deg z; = i, S¢7z; = (;)zlﬂ mod 2 forn—k <i<n—j—1and S¢’z =0

in the other cases.

Using Borel’s result we can state the following description of H*(V,, x; Z2)
as a graded ring:

Corollary 2.2.  The graded cohomology ring of the Stiefel manifolds
Vi i with Zo coefficients is

H*(Vn,k; ZQ) & Zo [Zn—k7 Bn—Fk+1y-- - Zn—l]/njn,k )
where Jp 1 is the ideal generated by the relations

zf:zgi for 2i<n-—1,
2
1

= for 2i>n.

Now we prepare notation for the statement of our main result. Consider
the set
Myy={i€Z;n—k<2i—1<n-—2}.

Let I be a nonempty subset of M, ;, and write

ZIZH22F1, 25 = 1.
il

It is convenient to put
z; =0 for j¢{n—kn—-k+1,....n—2,n—1}.

Then for a nonempty set I which is not a subset of M, ; U {n/2}

74 :Hz2i—1 =0.

iel
Denote by § the Bockstein homomorphism associated with the short exact

sequence 0 — Z 2,7, 22 Zg — 0 where ps is the reduction mod 2. According
to the previous definitions we have dz;y = 0 whenever I is empty or not a
subset of M, , U {n/2}. Write D(I,J) for the symmetric difference of the
sets I and J. Finally, let A stand for an exterior graded algebra over Z, i.e.,
the factor of a graded free Z-algebra over its generators modulo the relations
Ty = (_1)deg:pdegyy ..

To shorten our notation, from now on unless otherwise stated, we will use
H*(X) for the cohomology groups or rings with integer coefficients.
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Theorem 2.3. Let 1 < k <n—1. In H*(V, ) there are classes y;
fori e My, un—i and vy,—1 of degrees 4i — 1, n — k and n — 1, respectively,
such that the graded cohomology ring of the Stiefel manifold Vi, i, with integer
coefficients is

H*(Vn,k) = A((SZ[, Yiy Un—k, ’Unfl)/In,k )

where I ranges over all nonempty subsets of My, i, i ranges over all the elements
of My and T, i, is an ideal generated by the relations (1)—(16) in which the
set I C My, j, is nonempty, the set J C My, ;, can be empty and in the relations
(7)—(11) we use the convention that dzx = 0 whenever the set of integers K is
empty or not a subset of My, U{n/2} and

0ZKU{n 2} = 02K Un—1

for n even.
The list of relations is the following:

1
(1) y,? = 028;_3 + 024i_30245_1 for i< n;_ ,
2 -1
(2) yf = 024i—3024i—1 for nt <3 i ,
8 4
(3) yi2:0 for izg,
(4) 20z =0,
—1
(5) (622i-1)% = 0z4i—1 for i< i T
(6) (022i-1)> =0 for i> g,
(7) 52]5ZJ = Z 5Z2i_162D(1_{i},J) H 534]’—3,
el je(I—{i})nJ
(8)  dzry; = dz1uq2)y + 021 (5)0245-3022j—1 for jelI,2j¢l,
(9) 5Z[yj = 521—{2]‘}528]'—3 + 521—{]'}5243'—3522]'—1 fO'f’ j S I, 2] S I,
(10) 521yj = 521U{j}6z2j—1 + 5Z1u{2j} for j¢lI, 2j¢1,
(11)  bzry; = 6zrugjy022j—1 + 021 (25)028—3 for jé¢lI, 2j€el,
(12) Up—g =0 for n—k odd,
(13) u?_, =0 for n—k even, k < g,
1
(14) ul_p = 0zon—2k—1 for n—k even, k> n—2i- ,
(15) Up—1 =0 for n odd,
(16) vi_ =0 for n even.
Appendix 2.4.  Moreover, as for the reduction mod 2, we have
-1
P2Yi = Z4i—1 + 22;—129; for i< n

4 I
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._n
P2Yi = 22i—122; for > g
PoUn—k = Zn—k for n —k even,
P2Un_1 = Zp_1 for n even,

P20z = Sqlzr.

Remark 2.5. Putting J =) in (7) we get

(2.6) > 0zio10z_g = 0.

iel

Taking sets I and J disjoint in the same formula we get

dz1625 = Z5Z2i—152(1uJ)—{i} :

iel

Remark 2.7.  The order of a nonzero element € H*(X) is the least
positive integer m such that ma = 0. If there is no such integer, we say that =
is of infinite order.

To prove the relations of Theorem 2.3 we will use the well known fact
that if Tor H*(X) has all nonzero elements of order 2, then ps : Tor H*(X) —
H*(X;Zs) is a monomorphism. Then the proof of relations can be carried out
after reducing them mod 2. Using the fact that paé = Sq' and Appendix 2.4
we can apply Proposition 2.1. The proof of relation (7) needs the following well
known formula

(2.8) Sq'w1Sq'ws = Sq'wiSq' wp—(i. 0Tl ipos

il
where I, J are finite sets of indices, z; € H*(X;Zz) and 21 = [[;c; @;. Its con-
sequences are also relations in the torsion part of H*(BO(n)) and H*(BSO(n))
(see [2] and [3]).

To prove that the list of relations in Theorem 2.3 is complete we will need
an additive basis of H*(V,, ;) as a graded Abelian group. One is described by
the following Theorem 2.9.

First, for all S C M, ;, put

Ys = H Yk
kes

Theorem 2.9.  Let S range over all subsets of My, 1, let I,J, K range
over all triples of subsets of M,  which are pairwise disjoint, I # 0 and min I <
min J and let g € {0,1} for n even, ¢ = 0 for n odd and r € {0,1} forn — k
even, 1 =0 for n — k odd. Then the monomials

7 q r q
Up VU _1YS, Uy U _1YKOZ] | | 02951
jed

form an additive basis of H*(V,, 1) as a graded Abelian group.
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Using Theorem 2.3 it is possible in principle to express products of two
elements of the basis above as a linear combination of the others.

3. Proofs
We have the sequence of canonical projections with spheres as fibres:

Sl SZ Sn—lc—l Sn—lc Sn72

y | y | |

Vn,n—l - Vn7n—2 = > Vn k41 — Vn,k: — = Vp2 —> le = Sn—l.

The proofs of Theorems 2.3 and 2.9 will be carried out by induction on k for n
fixed. The basic tool for the inductive step is the Gysin exact sequence for the
fibre bundle

(3.1) SR Vo k1 = Ve

It has the form

(32) — HI"F(V, 1) =5 H (Voy) 2= H (V)

)

By gLy, ) S BNV, ) —

Here e denotes the Euler class and A is a group homomorphism with the
property
Azp*(y)) = Alz)y

for any x € H*(V,, k4+1) and any y € H*(V,, ;). This formula will be used very
often without any further reference.
Fibration (3.1) is the part of the following commutative diagram:

(33) gn—k-1 Vn—k+1,2 ————> gn—k
Sn—lc—l mG.:,_l b Vn,k
li& lm

Vn,k—l _— Vn,k—lv

where p, p1 and p; = p o p; are canonical projections.

Let us start with the induction. For k = 1 we have H*(V,,1) = H*(S"™1)
= Z[z]/(x?), where degx = n — 1. It agrees with Theorems 2.3 and 2.9 since
M, 1 =0 and z = v,_1 for n even and x = u,_1 for n odd.

The inductive step from k to k + 1 needs to distinguish the case n — k odd
from n — k even.
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The case n — k odd

Assume that the description of H*(V,, 1) is given by Theorem 2.3 and its
additive basis is described by Theorem 2.9. Observe that the sets M, ; and
M, +1 are identical in this case. Therefore, to show that Theorems 2.3 and
2.9 hold also for V,, p41 it is sufficient to prove that the graded ring H*(V,, x+1)
is isomorphic to

(3.4) (H* (Va,k) ® Zup—1-1])/ T,
where u,,_;_1 has degree n —k — 1 and J is an ideal generated by the relations

-2
ul_, 1 =0 for k<n2 ,

9 n—1
Up_f—1 = 62277,721@73 for k 2

In this case the Euler class of the sphere bundle (3.1) is zero. (For k =1
the bundle corresponds to the tangent bundle over V,, 1 = S"~1. For k > 1 we
have H""*(V,, ;) = 0 by induction.) So the Gysin exact sequence splits into
short exact sequences

0 —s Hi+n_k(Vn7k) p_*) HH_n_k(Vn,lc-&-l) A} HH_l(Vn,k) —0.

The same also holds for the Gysin exact sequence mod 2.

For i = —1 we get isomorphisms A : H" " *=Y(V, ;1) — H°(V,, 1) and A :
H"*k*I(mGH;Zg) — HO(Vn,k;Zg). Let Z,_x_1 € H"*’“*I(Vn,kH;Zg) be the
element with the property A(Z,_x—1) = 1. Then Z,_x_1, Zn—r = 0" (2n-k),- - -,
Zn—1 = p*(zn—1) form a simple system of generators of H*(V,, k+1).

Analogously, in H"“¥=1(V}, x11) there is just one element wu,,__; with the
property A(u,—g—1) = 1. Obviously, patp—f—1 = Zn—k—1.

We will compute u?_, _; as follows. We have

A(up_j_q) € H" "1 (Vp) =0,

and hence u2_, | = p*(a) for some a € H*"=2k=2(V,, ;).
th

Ifk<(n-— ;/ :

e last group is zero according to the inductive assump-
tion. So is ui_k_l.
If k > (n—1)/2, the group H>*~2k=2(V,, ;) is generated by the element

522n—2k—3~ Since

2 =2 - -
PoUp_j 1 = Zp_p1 = Zon—2k—2 = P20Zopn_2k—3,

we get the relation u2_, | = 622, —ok_3.
To establish the isomorphism between H*(V}, +1) and (3.4) we will show
that every element ¢ € H*(V,, y+1) is of the form

c= un—k—lp*(a) +p*(b),

where a,b € H*(V,, 1) are uniquely determined by c.



Integral cohomology of Stiefel manifolds 417

Existence: Given ¢ € H*(V,, k+1), put a = Ac. Then
Aec — Uup—k—1p*(a)) = a — (Aup_r_1)a = 0.

Using the Gysin exact sequence we obtain that there is b € H*(V,, x41) such
that

¢ — Up—g—1p"(a) = p*(b).

Uniqueness: Suppose that for some a, b
Up—k—1P"(a) + p*(b) = 0.

Applying A we get a = 0. Since p* is a monomorphism, b = 0 as well.
This completes the proof of the inductive step for n — k odd. O

The case n — k even

Suppose that H*(V,, ;) is described by Theorems 2.3 and 2.9 for 1 < ¢ <
k. It is convenient to consider V,, o as a point with H*(V,,0) = Z. Then
the canonical projection p; : V, ; — Vi, 11 has good sense also for £ =1
and according the previous part of the proof it induces a monomorphism in
cohomology. We will often use the same letters for elements in cohomology of
Vi, k-1 and their pj-images in the cohomology of V,, 1.

Put I = (n — k)/2 and observe that

Mn,k+1 = Mn,k U {l}

Using the Gysin exact sequence we will find ring generators of H*(V,, x+1). We
will prove that they are of two types: the images of the generators of H*(V,, 1)
under homomorphism p* : H*(V, ;) — H*(V k+1) and new generators g,
0zqyur for I © M, where p*u,_j = dzyy. We will carry it out in Lemmas
3.5, 3.6, 3.7 and 3.9.

Lemma 3.5.  Forn—k even the sphere bundle (3.1) has the Euler class
2un_k,

Proof. Let us consider the diagram (3.3). The generator wu,_j €
H"k(V, k) = Z maps into a generator of H"~*(S"~*) and the Euler class
of the sphere bundle in the second row maps into the Euler class of the sphere
bundle in the first row. This class is twice the generator of H"~*(S"~*) since
the fibration is associated to the tangent bundle to S™~*. Hence the Euler class
of (3.1) is 2up—g. O

Now, we have the Gysin exact sequence

— HI (V) TS (Vo) o H (Vo)
U2uUp g

A)Hi—n+k+1(vn7k) “ln Hi+1(Vn,k)*>

at our disposal.
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Lemma 3.6.  Let z,,_g,...,2n—1 be a simple system of generators for
H*(Vy i3 Zs). Then there is a simple system of generators

~ ~ = * = *
Zn—k—1 — Z{l}, Zn—k =D (Zn—k)a vy Bn—1 =D Zp-—1

for H*(Vy, k+1; Z2) and the relations

p*(2r) = Z1,
p (521) = 55],
P* (un—k) - 52n—k—1 = 5Z{l},
A(Sg{l}uj = 521
hold for any I C M,, .
Proof. In the same way as for n — k odd, define z, 1 = Zmy €

H" " k=Y(V,, 141; Z2) by the property AZ, 1 = 1. Then the mod 2 Gysin
exact sequence gives the simple system of generators given in the statement.
The first and the second relations are immediate consequences of the definitions.

As for the third one the Gysin exact sequence yields that H" % (V}, 1) =
Zo with elements p*u,_x and 6Z,,__1 different from 0. Hence they have to be
equal.

The first equality follows from the Gysin exact sequence modulo 2. The
second one is its direct consequence. p*(u,_x) € H" *(V, 1+1) is an element
of order 2 and there is no other possibility than 0z(;y.

Using the properties of A we obtain

p2(ASZ(y01) = ASq' Zqyur
= A(Zo_kZ1) + A(Zn—k-15S¢"21) = 0+ Sq' 21 Az k1
= pg(SZI.

Since according to the inductive assumption H*(V}, 1) has all the nonzero tor-
sion elements of order 2, we obtain the last relation. O

Put §; = p*(y;) for i € My, and U1 = p*vp_1.

Lemma 3.7.  There is just one element §; € H?"~2*~1(V,, ;11) such
that
Afy = Up_p,
. - n
P2Yl = Zn—k—1%n—k for k< 5
- - - - n+1
P2l = Zan—2k—1 + Zn—k—1Zn—k for k> —

Proof. From the Gysin exact sequence we can extract the following short
exact sequence

0 — H2n—2k—1(vn k) p_*) H2n_2k_1(vn,k:+1) AN Hn—k(vn)k) — 0.

)
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The same also holds for Z, coefficients.
First suppose k < (n —1)/2. Then n —1 < 2n — 2k — 1 < 2n — 2k and
according to the induction assumption

H2n_2k_1(Vn,k) o H2n_2k_1(Vn,k; ZQ) ~ (.

HQ”’Qk’l(Vn7k+1) = 7 is generated by an element ¢ which is determined
by the property Ay, = up_k- H2n_2k_l(Vn’k+1;Zg) > 7o is generated by
the element Z,_x_1Z,— which satisfies A(Z,—k—1Z2n—k) = 2n—k. That is why
P2Ul = Zn—k—1Zn—k-

For k > (n+1)/2, we have 2n—2k—1 < n—2. In this case H?"~2*=1(V,, ;)
= 0 while H™ 2~Y(V,, ;Zs) = Z, is generated by 22, or_1. Hence
H?=2k=1(y, ;1) & Z is again generated by an element gy which is deter-
mined by the property Ay, = u,— and HQ”’%’I(mGH;Zg) > 7o ® Zsyis
generated by the elements Z,, _p_1Z,_ and Zo,_or_1. Since

(38) A(En—k—lgn—k) = Zn—k; Ag2n—2k—1 =0,
we get pal] = Zn—k—12n—k + @Z2n—2k—1 for some a € {0,1}. Now,
0= Sq' ot = aSq Zan—2k—1+ Sq" (Zn——1Zn—k) = (a + 1)Z2n_ok,

which implies a = 1.

For k = n/2, we have n even and 2n — 2k — 1 = n — 1. In this case
H™M=2k=1(V, ) = Z is generated by v,_1. H* 2= 1(V,, 1 11) 2 Z S 7 is gen-
erated by 7,1 = p*v,_1 and by an element § which satisfies the property Ay =
Up_k. The elements Z,_r_1Z,_x and Z,_1 generate H2”_2k_1(Vn,k+1;Zg) =~
Zo @ Zo. Since (3.8) still holds, we have po§ = Z,,_g—12n—k + aZ,_1 for some
a € {0,1}. Put y; = abp—1 +§. Then Ay, = u,_j and

102271 = aén—l + gn—k—lgn—k + aén—l = gn—k—lgn—lv
]

Lemma 3.9.  For every element d € H*(V, x+1) there are elements
a,br,c € H*(Vy, k—1) such that

d=gps(a)+ Y 0Zmurps(br) + p3(o),
I1eM, i

where py 1 Vi, k41 — Vi k—1 18 the canonical projection.

Proof. From the knowledge of H*(V,, ;) we deduce that any of its elements
has the form

Un—kP1A(020, Y vno1) + D 0zpiri(625, 5 vn1) + Y arspi(yrvy ),
IQJV[W,,;C IgMn,k

where ¢ and r; are polynomials in the indicated variables, i € M, , s € {0,1}
and J are nonempty subsets of M, ;. While the first two terms belong to
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Im A = Ker2u,_g, the third one does not if different from zero. Hence any
d € H*(V,, k+1) has the form

Ad = un—kp1q(02, Yis vn—1) + Z 6zrpir1(62., Yi, Vn—1).-
I1€Mo i

Using Lemmas 3.6, 3.7 and the properties of A we have

A(d = 51p3q(027, Yis Vn—1) — Z 0Zayurpsri (627, Yis vn—1)) = 0.
IEM”,k

Since Ker A = Im p* = Im p}, we obtain the statement of Lemma. O

Lemma 3.10.  Every nonzero torsion element of H*(Vy, k41) is of order

Proof. Suppose that d is a torsion element. We already know that it is
of the form
d=gps(a)+ Y 0Zuurps(br) + p3(c).
IeM,, i

Then

Ad = up_ppia+ p} Z 0zrbr
IeM,, i

is also a torsion element. Since p} is a monomorphism, a € H*(V,, j_1) is of
order 2 or zero.

Hence the last summand pj(c) in the decomposition of d lies in
Tor H*(V,, g+1). It remains to prove that 2p5(c) = 0. There is an integer
m > 2 such that 0 = mp3(c) = p*(mpi(c)). Since Kerp* = Im(U2u,_y), there
is an element d € H*(V,, y—1) such that

pi(me) — un—kpy(2d) = 0.

From the uniqueness of such a decomposition we get that me = 0in H*(V,, x—1).
It implies 2¢ = 0, which completes the proof. O

Lemma 3.11.  As a ring, H*(Vy, k41) has generators §;, Un—1, 0Zr,
where i s an element and I a nonempty subset of My, 1. Moreover, these
generators satisfy all the relations stated in Theorem 2.3.

Proof. The first part has been proved by Lemma 3.9. We will show how
to prove the relations of Theorem 2.3 in the case of H*(V;, k+1)-

Relations (4) and (12) are obvious. Just one of the relations (15) and (16)
holds in H*(V;,,1), hence it has to hold in H*(V,,;) for all ¢ > 1. Since g; are
elements of odd degree, we get 242 = 0. So the relations (1)—(3), (5)—(11) are
relations in Tor H*(V,, x41). Since all nonzero torsion elements are of order 2,
it is sufficient to prove the relations mod 2 using Proposition 2.1 and Corollary
2.2. For the relations (1)—(3) and (8)—(11) we have to use Lemma 3.7 first.
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The proof of (7) is based on Formula 2.8 and Corollary 2.2. O

Consider
an’L = A((SZ], Un—myUn—1, yz)/z-n,ﬂh
where I, 7 and Z,, ,,, are described in Theorem 2.3, as an abstract ring. Accord-
ing to the inductive assumptions R, ,, are isomorphic to H*(V,, ,,,) for m < k.
Lemma 3.11 says that there is a canonical epimorphism

¢ R kt1 — H*(mG-i-l)-

It remains to prove that ¢ is an isomorphism. We will carry it out in Lemmas
3.13 and 3.14.
Recall that we still consider the case when n — k is even.

Lemma 3.12. The canonical projection pa : Vi p41 — Vi k-1 induces
monomorphisms

Py H (V1) = H* (Viog1) and  p5: H (Vi 13 Z2) — H* (Vi jy1: Z2).

Proof. We have ps = pp1. In the case of Z coefficients p} is a monomor-
phism and
Imp] NKerp* = Impj N Im( U 2u,_j) = 0.
In the case of Zs coefficients both p* and p] are monomorphisms. O

Lemma 3.13.  Let Fjy1 be the free abelian group generated by the ele-
ments ¥r, Yron—1 for n even and by the elements yr for n odd, I C My j41.
Then as groups

Rkl = Fr1 @ Tor Ry g1

and ¢ restricted to Fyx11 is a group monomorphism.

Proof. The first statement is obvious from the definition of R, j41. Fur-
ther, any element of Fj; has the form

gia + b,

where a,b € Fj,_1. Suppose that the ¢-image of this element in H*(V}, j41) is
ZEro:

Gip3(a) + p5(b) = 0.
Application of A yields u,—;pi(a) = 0. From our knowledge of H*(V,, ;) we
get a = 0. Now, p5(b) = 0 and by Lemma 3.12 also b = 0, which completes the
proof. O

To simplify our notation we will abandon the tildes and we will not distin-
guish formally elements of R,, —1 from their images in R, ;41 and elements of
H*(V, k—1) from their p5-images in H*(V,, k+1).

Let us consider couples (n,m) with n >m > 0. For any I, J, K C M, ,
we put

Z1,0K.q = Uy 1YKOZI H 02251,
jeJ
where g € {0,1} for n even and ¢ = 0 for n odd.
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Definition.  The monomials Z; j i, with I, J and K pairwise disjoint,
I # 0 and min I < minJ will be called admissible or (n, m)-admissible if we
want to emphasize that I, J, K C M, ,,. The triples of sets which are indices
of admissible monomials will be also called admissible.

Since Tor Ry, k41 and Tor H*(V,, x+1) have only elements of order 2, they
can be considered as Zy-vector spaces. To prove that ¢ restricted to Tor Ry, 41
is an isomorphism we will show that the (n,k + 1)-admissible monomials in
Ry k+1 have the following properties:

(a) They generate Tor R,, 41 as a Zy-vector space.

(b) Their p-images are linearly independent in Tor H*(V,, j+1).

Lemma 3.14.  Let n — m be odd. Then (n,m)-admissible monomials
generate Tor R, n, as a Za-vector space.

Proof. 1f M, ,, = 0, then TorR,,,, = 0. For M, ,, # 0 the relations
(1)—(3), (5)—(7), (15) and (16) imply that the monomials Z; j i 4, where I, J
and K range over all subsets of M, .., I # 0, generate Tor R, ,,,. We will
successively reduce this set of generators to the set of admissible monomials.

First, we prove by induction that for all r € M, ,, U {min M,, ,,, — 1} the
set

{Z11Kkq; I#0, min(INJ)>r, min(INK)>r, mn(JNK)>r}

generates Tor R,, ,,. The first step of induction for » = min M,, ,, — 1 has
been already done. Suppose that the statement is true for » — 1 and prove it
for r using the relations from the definition of Z,, ,,. For the purposes of the
proof we enlarge the definition of Zr j i , for all finite subsets I of integers
using the convention that Zr jx , = 0 whenever I is empty or not a subset
of My, m U{n/2} and Z1ygn2y,0.k,g = Vn-121,7,K,q for n even and I C My, ,,,.
(This is compatible with the conventions introduced in Section 2.)

(1) Suppose that min(I NJ) =min(I N K) =min(JNK) =r. If 2r ¢ I,
then according to (10)

Z1,0K,q = Vp_1YK H 02951 | 621022, 1
jeJ—{r}

= vy YK H dz95-1 | (Ozr—{ryyr + 02(1—{r})ug2r})
jeJ—{r}

= Z1 (e} d—(r} K~ Urha¥s T 2 (r))0(2r). T~ (r} K -
If 2r € I, then according to (11)

Z1.0kq = Z1—{e} d—{r} K—{rhaVe + Z1—{r20},J—{r},K,q0%8r—3-

Using (1) or (2) or (3), our conventions from Theorem 2.3 and (5) or (6) if
necessary, we get that Zy j i 4 is a sum of monomials Zy:_js g+ 4, where min(I'N
J') >r, min(I’ NV K') > r and min(J' N K') > r.
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(2) Consider indices (I, J, K) with min(I N.J) > r, min(I N K) > r and
min(J N K) =r. If 2rr ¢ I then according to (8) and (7)

Ziakg=vi_10z | [] Ozi-1 | yk—(ryyrdzar—
JjeJ—{r}

=V, H 6Z2j—1 yK—{r}(SZI(SZ{r,%‘}

jeJ—{r}
=vi_, H 0221 | Yr—{ry (0220 10210127y + 624r—16210(r})
jeJ—{r}

= Z1u2ry, 0, K—{rha T Z10{r}, 0= {r} . K—{r},q0 Zdr—3-

Notice that 4r — 3 > r with equality only for » = 1. If 2r € I, then according
to (8) and (7) similarly

Z1,0K,q = ZI—{2T},J7K—{T},q5ZST—3 + ZIU{T},J—{T}J(—{r},q5z4r—1-

So in both cases Z1, j i 4 is a sum of monomials Z;/ j g+ ¢ where min(1'NJ’) >
r, min(I’ N K’) > r and min(J' N K') > r.

(3) Now consider a triple (I, J, K) with min( NJ) =r, min(INK) > r
and min(J N K) > r. If 2r ¢ I, then according to (10)

Z1,0.K,q = ZI—{r},J—{r},KU{r},a T Z(I-{r))u{2r},T—{r}, K.q"
If 2r € I, then according to (11)

Z1,0K.q=Z1—{r},J—{r},KU{r}.q T Z1—{r2r},J—{r},K,q0 2873

Using our conventions and (5) or (6) if necessary, we obtain Z7 j k4 as a sum
of monomials Zp/ j/ i/ ¢, where min(I’'NJ’) > r, min(I’'NK’) > r and min(J'N
K')>r.

(4) Consider indices (I, J, K) with min(I NJ) > r, min(I N K) = r and
min(J N K) > r. If 2r ¢ I, then according to (8)

21,0,K,q = Z1ug2r}y, 0, K—{r}a + Z1-{r},J0{r},K—{r},q0 Z4r—3-

If 2r € I, then according to (9)

Z10K.q=Z1-{2r}, 0, K—{r},q0%8r—3 T Z1_{r},JU{r}, K —{r},q0%4r—3-

Using our conventions and (5) or (6) if necessary, we can write Z; jx 4 as a
sum of monomials Zp/ j g+ 4, where min(I’ NJ") > r, min(’ N K’) > r and
min(J' N K') > r.

We have proved that the monomials Z; jx,, with I # (0 and I,J, K
pairwise disjoint generate Tor R, . Consider such a triple of indices with
minJ =r < minI. Then using (2.6) we have

dzor_1021 = Z(SZQi—laZ(IU{r})—{i}y
icl
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which yields

Z1,0Kq = Z Z(1ogr) —{ih,(JU{i) — {r}. K0
il

where all the indices (I’, J’, K’) on the right hand side are admissible. O

For m = 1 or for m = 2 and n even there are no admissible triples since
My m = 0. For m = 2 and n odd there is just one admissible monomial
Z M, 5,0,0,0 = 02n—2 since My, o = {(n —1)/2}. A similar situation occurs when
m = 3 and n is even. Here there are two monomials since ¢ = 0,1. In both
cases the admissible monomials are linearly independent in Tor H*(V,, ).

Lemma 3.15.  Let n — k be even. Suppose that (n,k — 1)-admissible
monomials are linearly independent in Tor R, y—1 = Tor H*(V, x—1). Then
the @-images of (n,k + 1)-admissible monomials are linearly independent in
Tor H* (Vi j41)-

Proof. Recall that M, y+1 = My, ,—1U{l}. First, we prove that if I, J, K
range over all (n,k — 1)-admissible indices, then the elements

(3.16) o(Z1,0x,9), P Zrogy,nk.q)> P Zr00.k.4), 2(Z1,0,K04}.q)
are linearly independent in Tor H*(V}, x+1). Suppose that

S arska?(Ziaka) Y broxee(Zrog. k)

1,J,K.q 1,J,K.q

+ > cnarapZiomkd + Y, drakap(Ziakony ) = 0.
[Tk 1.7K.q

Applying A : H*(Vp, 1) — H* (Vy 1) we get

* *
> " brakapi(Zrakg) Fun-e | Y drsxapi(Zrikg) | =0
1,J,K,q 1,J,K,q

in H*(V, ). From the description of this ring (see (3.4)) we obtain

E br,0,K,921,0,5,4 =0, E dr,,k,421,5,K, = 0.
1J,Kq 1J,K.q

Linear independence of (n, k —1)-admissible monomials implies that all by 7 i 4
=dj,7,K, = 0. Now, reduce the remaining terms mod 2

> arsxap2p(Ziakg) + 2 | Y. craxap2p(Z1akg) | =0.

I,J,K,q I,J,K,q
Since z9;-1, 21, - - - , Z2n—1 form a simple system of generators in H*(V}, x+41; Z2)
and p3 is a monomorphism, we have
E ar,j,K,qP241,5,K,q = 0, E C1,0,K,qP221,70{1},K,q = 0

I,J,K,q I,J,K,q
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in H*(V,, k—1;Z2). Now, po : Tor H*(V,, p—1) — H*(V,, k—1;Z2) is a monomor-
phism, so as a consequence of linear independence of Z; ; k 4 in Tor H*(V}, x—1),
we get a[7J7K7q = CI7J7K7q =0.

All the (n, k + 1)-admissible monomials form the following list

(3.17) Z1,0,K,.qs Z10{},J,K,q5 ZSU{}T,K,q» Z21,0,KU{l},q>

where (I, J, K) are (n,k — 1)-admissible and S,T, K C M, ;_1 are pairwise
disjoint, T'# ) and min7 = 7 < min S. According to (2.6)

ZsuyT kg = S0l (- (Dol K T D Z(S—()ulta) (T (r)uli) K-
=
Here the triples SU{r}, (T —{r})U{l}, K and (S—{i})U{l,r}, (T —{r})U{i},
K are (n, k—1)-admissible. Hence ¢(Zsu{1y,7,x,q) can be expressed as a sum of
O(Zsugry,(T—{r})u{i}, K,q) and elements of the form ¢©(Zru(y,7,x,4) With (n, k—
1)-admissible indices (I, J, K). Moreover, the assignment

(S, T,K)— (SU{minT}, T — {minT}, K)

is one-to-one from the set of the triples of pairwise disjoint subsets of M, 1
with min7 < min S onto the set of (n,k — 1) admissible triples (I, .J, K). So
the linear independence of elements in the list (3.16) implies that the ¢-images
of (n,k + 1)-admissible monomials which form the list (3.17) are also linearly
independent. O

Theorem 2.9 for V,, 1,41 is now an immediate consequence of Lemmas 3.13
through 3.15.

4. Comparison with Pittie’s result

If we apply Theorem 2.3 for k = n—1, we obtain the description of the ring
H*(SO(n);Z). In [4] H. V. Pittie derived the description of the ring structure
of H*(SO(n);Z) using the method based on the existence of a maximal torus
in SO(n). Comparing his result [4, 7.5] with Theorem 2.3 for k = n — 1, it
is seen at the first sight that his set of ring generators is smaller than ours.
Consequently, some of his relations are different and more complicated. In this
section we will outline how to reduce the set of the ring generators in Theorem
2.3 and how to get new relations if kK = n — 1 to obtain the result from [4].

For j € My, ,,—1 we define

a; = min{d; 29+15 > ) = max{d; 297 1j ¢ My n-1},

a; = 2%9 .
From Corollary 2.2 we get that

i—1
%y #0,

aj __ —
22]- = Z2aj+1j =0.
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Similarly as in [4] we put
A
Y
r=0
Finally, put L,, = {i € M, ,,—1; i odd}.

Proposition 4.1 (Compare with [4, 7.5]).  In H*(SO(n)) there are
classes y; fori € My 1, and vy,—1 of degrees 4i — 1 and n — 1, respectively,
such that the graded cohomology ring of SO(n) with integer coefficients is

H*(SO(TL)) = A((SZIu 6222'717:1/2'7’077,71)/’(:77,7

where I ranges over all the subsets of L, with at least two elements, i ranges
over all the elements of My ,—1 and ICy, is an ideal generated by the relations
(1)—(7), (15), (16) of Theorem 2.3 and by the relations (a)—(e) in which the set
I C L, has at least two elements and the set J C M, ,—1 is either empty or
contains only one element or J C L.

The list of new relations is the following:

(a) 2020i—1 = 0,

Oéj—l

(b) Z y2ij(5z2j—1)kij = O, .] € Mn,n—la

O[j—l

0z1 Z Yaij (6225-1)" 1 + 821 (j10245-3(6225-1) 1 =0,
(c) i=0

n+1
seb i =
(@ Sy =0, jel j>"12
a;—1
(e) dz1_1j Z Yoij (0225 1)k = +521(522j )%~ =0, jel, j odd.
=0

The reduction of elements y; and vp,—1 mod 2 is given in Appendix 2.4 to
Theorem 2.3.

Remark 4.2.  The relation (7) stands for equivalent relations

(f) 021025 = 0z1— g0z _T H 5Z4j_3 +0zrng02107 for INJ+#a,
jeInJg

(g) Oz10z5 = Zézgi,léz(wﬂ_{i} for INJ=9
iel
from [4, 7.5].
Outline of the proof of Proposition 4.1. First, we will show how to reduce

the set of the ring generators from Theorem 2.3 to the set described in Propo-
sition 4.1. Consider a set K C M, ,,_1 with at least two elements and with the



Integral cohomology of Stiefel manifolds 427

biggest even element 2j. Put I = K — {2j}. If j € K, from relation (8) we get
Oz = 021y + 021_(;}0245-30225 1,
while if j ¢ K, relation (10) implies
dzr = 021Y; + 02105102251,

since j € M, n—1. (And this is just the reason why we cannot perform this
reduction for any k.) All the even elements of the sets I, I —{j} and TU{j} are
less than 2j. Hence repeating this procedure we obtain dzx as a polynomial in
the generators described by Proposition 4.1.

Now, on an example we will outline how to derive the relations (b), (c),
(d) and (e) from the relations (8), (10), (5) and (6). Consider j € M, ,_1,
45 < n < 8j, j odd, and I C L,, which does not contain j. Then o; = 2 and
d21uq4j3 = 0 according to our conventions. Using twice the relation (10) and
then the relation (5) we get

0zrye; = 521u{2j}524j—1 + 521u{4j} = (621y; + 52’1u{j}52’2j—1)524j—1
=021y (8225-1)° + 0210y (6225-1)°,

which gives just the relation (e) for I and j.

To show that the list of relations in Proposition 4.1 is complete, we would
have to find a basis of Tor H*(SO(n)) in terms of monomials of the ring gen-
erators. Here we cannot use Theorem 2.3 directly and so we will not carry it
out since a different proof has been given in [4].
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